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Abstract. We construct and study a two-parameter family of matrix product
operators of bond dimension D = 4. The operators M(x, y) act on (C2)⊗N , i.e.,
the space of states of a spin-1/2 chain of length N . For the particular values of the
parameters: x = 1/3 and y = 1/
√
3, the operator turns out to be proportional to the
square root of the reduced density matrix of the valence-bond-solid state on a hexagonal
ladder. We show that M(x, y) has several interesting properties when (x, y) lies on
the unit circle centered at the origin: x2 + y2 = 1. In this case, we find that M(x, y)
commutes with the Hamiltonian and all the conserved charges of the isotropic spin-
1/2 Heisenberg chain. Moreover, M(x1, y1) and M(x2, y2) are mutually commuting if
x2i + y
2
i = 1 for both i = 1 and 2. These remarkable properties of M(x, y) are proved
as a consequence of the Yang-Baxter equation.
PACS numbers: 75.10.Pq, 02.30.Ik, 05.30.-d, 75.10.Kt
1. Introduction
Since the proposal by Li and Haldane [1], the concept of entanglement spectrum has
attracted much attention, particularly for studying topologically ordered systems. The
entanglement spectrum is the eigenvalue spectrum of the entanglement Hamiltonian
HE, the levels of which are in one-to-one correspondence with the eigenvalues of the
reduced density matrix ρA for a subsystem A. More precisely, ρA is written in terms
of HE as ρA = exp(−HE). To date, a number of studies on entanglement spectra
have been carried out for a variety of systems. Examples include quantum Hall
systems [2, 3, 4, 5, 6, 7], topological insulators [8, 9, 10], and quantum spin models
in one [11, 12, 13, 14, 15, 16] and two [17, 18, 19, 20, 21] dimensions.
In Ref. [22], the author and his collaborators have studied a class of tensor-network
states on ladders. The quantum lattice-gas model in which these states are the exact
ground states was first introduced in Refs. [23, 24]. The model is referred to as the
quantum hard-square model since the basis states of the Hilbert space are in one-to-
one correspondence with allowed configurations of the classical hard-square model, i.e.,
any pair of adjacent sites cannot be occupied by more than two particles. The ground
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2state can be expressed as a superposition of classical configurations, each of which has
a weight depending on the parameter z. The meaning of z in the classical model is the
activity, the Boltzmann weight per particle. In Ref. [22], the authors found that the
entanglement spectrum of the ground state is critical for both square and triangular
ladders when z is chosen so that the corresponding classical model is critical. It was
also revealed numerically that entanglement Hamiltonians for the square and triangular
ladders are well described by c = 1/2 and c = 4/5 conformal field theories, respectively.
In addition to critical properties, the authors found that the entanglement
Hamiltonian as well as the reduced density matrix for a triangular ladder are integrable
for arbitrary z despite the fact that the physical Hamiltonian is non-integrable, i.e., we
cannot obtain the eigenstates analytically except the ground state. Here, integrability
means that reduced density matrices for different values of z are mutually commuting,
which implies the existence of an infinite number of conserved charges that commute
with the entanglement Hamiltonian in infinite systems. This remarkable fact was proved
by exploiting the close connection between the reduced density matrix for the triangular
ladder and the transfer matrix of the classical hard-hexagon model, which is integrable
and was solved by Baxter [25]. For a detailed proof, see Appendix B in Ref. [22].
In this paper, we introduce and study a two-parameter family of matrix product
operators (MPOs) that exhibit similar integrable structures for special cases. MPOs
are operator analogues of matrix product states [26, 27], which have recently attracted
much attention from both quantum information and condensed matter points of view.
In fact, our construction of the MPOs is motivated by the recent study of entanglement
spectra of valence-bond-solid (VBS) states in two dimensions [18, 20, 28, 29]. Note
that the VBS states are the exact ground states of the Affleck-Kennedy-Lieb-Tasaki
(AKLT) model [30, 31, 32], and can also be described as tensor network states. We will
show that the MPO constructed, say M(x, y), is proportional to the square root of the
reduced density matrix of the VBS state on a hexagonal ladder [28] for the particular
values of the parameters: x = 1/3 and y = 1/
√
3. Unfortunately, the MPOs with this
particular set of parameters do not exhibit any integrability property. However, we find
a surprising property of the MPOs for other special cases. If (x, y) are on the unit circle
centered at the origin, i.e., x2+y2 = 1, the operators M(x, y) commute with the transfer
matrix of the isotropic spin-1/2 Heisenberg chain, which is usually called as the XXX
chain.
The XXX chain is a prototypical example of quantum integrable models and
its integrability is well explained by the existence of a family of commuting transfer
matrices. They can be constructed in the framework of the algebraic Bethe ansatz
(ABA) [33, 34, 35]. From a modern point of view, these transfer matrices can also
be thought of as MPOs. The relation between the ABA and matrix product states
was discussed in detail in Refs. [36, 37, 38]. It is interesting to note that the bond
dimension of the M(x, y) is D = 4, while that of the transfer matrix of the XXX
chain is D = 2. Recently, MPOs with finite (D = 4) or infinite bond dimension
(D =∞) that exhibit some integrable structure have proved to be useful in describing
3non-equilibrium steady states of anisotropic Heisenberg chains driven by local noise at
their boundaries [39, 40, 41, 42, 43].
In this paper, we prove that M(x, y) with (x, y) being on the unit circle centered at
the origin is proportional to the product of two transfer matrices of the XXX chain with
different spectral parameters. Then, combining this fact with the Yang-Baxter equation,
we show that in this case M(x, y) commute with the transfer matrix of the XXX chain,
which readily implies that M(x, y) commute with the Heisenberg Hamiltonian H and all
other conserved charges derived from the logarithmic derivatives of the transfer matrix.
In addition, we also show that M(x1, y1) and M(x2, y2) are mutually commuting if
x2i + y
2
i = 1 for both i = 1 and 2. For small system sizes (N ≤ 5), these properties
hold even for arbitrary (x, y), which can be verified by explicitly writing out M(x, y) as
polynomials in H and (σtot)
2, with σtot being the total spin operator.
The rest of the paper is organized as follows. In section 2, we first give a general
definition of MPOs of bond dimension D, acting on the space of states of a spin-1/2
chain. Then, in section 2.1, we briefly review the construction of the transfer matrix of
the XXX chain through the ABA. In section 2.2, we introduce M(x, y), the MPOs of
D = 4 with the two parameters x and y. We show that M(x, y) is related to the VBS
state on a hexagonal ladder if x = 1/3 and y = 1/
√
3. We also show that M(x, y) can
be thought of as a two-parameter deformation of the Gram matrix associated with this
VBS state. In section 3, we discuss integrability properties of M(x, y) for special cases
where (x, y) lie on the unit circle centered at the origin. We show that these integrability
properties can be proved as a consequence of the Yang-Baxter equation. Concluding
remarks are given in the last section. In Appendix A, the explicit expressions for M(x, y)
up to N = 5 are presented.
2. Matrix product operators
We start with a general definition of matrix product operators acting onHN = (C2)⊗N ,
i.e., the space of states of a spin-1/2 chain with N sites. In the following, we will use
the standard notation to denote the identity and Pauli matrices:
σ0 =
(
1 0
0 1
)
, σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (1)
A translation invariant MPO acting on HN is written in the form
W =
3∑
α1,...,αN=0
Tr[Wα1Wα2 · · ·WαN ]σα1 ⊗ σα2 ⊗ · · · ⊗ σαN , (2)
where Wα (α = 0, 1, 2, 3) are matrices of bond dimension D. The matrix elements
(Wα)β,γ = w
α
β,γ (β, γ = 0, 1, ..., D − 1) can be thought of as Boltzmann weights for the
vertex model on a comb (see Fig. 1). Any translation invariant operator acting on
HN can, in principle, be written in the form of equation (2). In the following, we first
show that the transfer matrix of the XXX chain can be written in the form of equation
4(2). Then we introduce a two-parameter family of MPOs, which are not identical to
the transfer matrix. The MPOs introduced are related to a deformation of the reduced
density matrix of the VBS state on a hexagonal ladder.
𝛼 
𝛽 𝛾 
𝛼1 𝛼2 𝛼𝑁 
(a) (b) 
Figure 1. (a) Boltzmann weights for a trivalent vertex. (b) Comb lattice and a
graphical expression for Tr[Wα1Wα2 · · ·WαN ]. The degrees of freedom live on the
edges of the lattice.
2.1. Transfer matrix of the XXX chain
From the algebraic Bethe ansatz [33, 34, 35], one can see that the transfer matrix of the
XXX chain with periodic boundary conditions can be cast into the form equation (2):
T (λ) =
3∑
α1,...,αN=0
Tr[Lα1(λ)Lα2(λ) · · · LαN (λ)]σα1 ⊗ σα2 ⊗ · · · ⊗ σαN , (3)
where L0(λ) = λσ0 and La(λ) = iσa/2 (a = 1, 2, 3) are matrices of bond dimension
D = 2. Here λ is an arbitrary parameter, called a spectral parameter. The operator
L(λ) := ∑3α=0 Lα(λ)⊗σα is called the L-operator in the literature of quantum integrable
systems. The central object in the ABA is the quantum R-matrix, which is a solution
of the Yang-Baxter equation. For the XXX chain, it is given by
R(λ) =

λ+ i 0 0 0
0 λ i 0
0 i λ 0
0 0 0 λ+ i
 . (4)
By direct calculation, one can verify the following identity (RLL = LLR relation):
(R(λ− µ)⊗ σ0)L1(λ)L2(µ) = L2(µ)L1(λ) (R(λ− µ)⊗ σ0), (5)
where
L1(λ) =
3∑
α=0
Lα(λ)⊗ σ0 ⊗ σα, L2(µ) =
3∑
α=0
σ0 ⊗ Lα(µ)⊗ σα (6)
It follows from Eq. (5) that T (λ) is a one-parameter family of commuting matrices, i.e.,
[T (λ), T (µ)] = 0, (7)
5(for a proof, see Refs. [33, 34, 35]). The commutativity of transfer matrices implies that
the logarithmic derivatives of T (λ) are mutually commuting. An example is the first
derivative with respect to λ:
2i
d
dλ
lnT (λ)
∣∣∣
λ=i/2
= H + const. (8)
Here H is the Hamiltonian for the XXX chain:
H =
N∑
j=1
(σ1jσ
1
j+1 + σ
2
jσ
2
j+1 + σ
3
jσ
3
j+1), (9)
where σaj = (
⊗j−1
k=1 σ
0)⊗σa(⊗N−jk=1 σ0) (a = 1, 2, 3) and the periodic boundary conditions
are imposed, i.e., σaN+1 = σ
a
1 . The other conserved charges (higher Hamiltonians) can
also be obtained via
Qn := 2i
dn−1
dλn−1
lnT (λ)
∣∣∣
λ=i/2
. (10)
The conserved charges so obtained are local operators, i.e., the range of interactions
does not increase with the size of the chain. However, their “explicit” expressions are
quite complicated [44, 45, 46]. Note that for infinite chains, there is a shortcut. One can
obtain Qn recursively by taking the commutator with the boost operator [47, 48, 49].
2.2. Matrix product operators M(x, y)
Now, let us introduce the following matrix product operators with bond dimension
D = 4:
M(x, y) =
3∑
α1,...,αN=0
Tr[Mα1(x, y)Mα2(x, y) · · ·MαN (x, y)]σα1⊗σα2⊗· · ·⊗σαN , (11)
where the matrices depending on the parameters x and y are given by
M0(x, y) =

1 0 0 0
0 x2 0 0
0 0 x2 0
0 0 0 x2
 , M1(x, y) =

0 xy 0 0
xy 0 0 0
0 0 0 0
0 0 0 0
 ,
M2(x, y) =

0 0 xy 0
0 0 0 0
xy 0 0 0
0 0 0 0
 , M3(x, y) =

0 0 0 xy
0 0 0 0
0 0 0 0
xy 0 0 0
 . (12)
Using {|0〉, |1〉, |2〉, |3〉}, an orthonormal basis of the auxiliary space, the above matrices
can be expressed more compactly as M0(x, y) = |0〉〈0|+ x2∑3a=1 |a〉〈a|, and Ma(x, y) =
xy|0〉〈a|+ xy|a〉〈0| (a = 1, 2, 3). The matrix elements (Mα)β,γ can again be interpreted
as Boltzmann weights for the vertex model on a comb. The configurations with
nonvanishing Boltzmann weights are shown in Fig. 2 (a). From the graphical rules,
the coefficient of each term in M(x, y) can be easily read off. An example is shown in
Fig. 2 (b).
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Figure 2. (a) Vertex configurations with nonvanishing Boltzmann weights. (b) The
diagram corresponding to the coefficient of σ11σ
1
2σ
2
3σ
2
5 in M(x, y).
The specific form of M(x, y) is motivated by the recent study of entanglement
spectra of VBS states on hexagonal lattices [18, 20, 29]. For a hexagonal ladder shown
in Fig. 3 (a), the spectrum of the reduced density matrix of subsystem A is identical to
that of the following matrix:
ρˆA =
(MVBS)
2
Tr[(MVBS)2]
, (13)
where the Gram matrix MVBS is defined by
MVBS =
∫ ( 2N∏
k=1
dΩk
4pi
)
N∏
j=1
(1 + σj ·Ω2j−1)
2N∏
k=1
(1 + Ωk ·Ωk+1). (14)
Here Ωk is the unit vector defined by Ωk := (sin θk cosφk, sin θk sinφk, cos θk) and
σj := (σ
1
j , σ
2
j , σ
3
j ) (j = 1, 2, ..., N) are the Pauli matrix vectors. The periodic boundary
conditions imply σN+1 = σ1 and Ω2N+1 = Ω1. Note that the integral expression Eq.
(14) was derived using Schwinger bosons and the spin coherent state representation [50]
(for derivation, see Refs. [20, 28]). The MPO expression of MVBS can be derived by
multiplying out the factors in the product in equation (14) and carrying out the integrals
over Ωk. In each term in the sum, Ωk appears zero, one, two, or three times for each k.
By symmetry, or by direct calculation, one finds the following rules:∫
dΩk
4pi
Ωak = 0,
∫
dΩk
4pi
Ωak Ω
b
k =
1
3
δab,
∫
dΩk
4pi
Ωak Ω
b
k Ω
c
k = 0 (15)
7(a, b, c = 1, 2, 3), from which it immediately follows that∫
dΩk
4pi
(vj ·Ωk)(v` ·Ωk) = 1
3
vj · v`, (16)
where vj and v` can be either c-number or operator valued vectors with three
components (see also Lemma 3.3 in Ref [32]). Now let us consider the correspondence
between the vertex configurations and the factors appearing in the expansion of equation
(14). The factors σaj Ω
a
2j−1 and Ω
a
k Ω
a
k+1 may be expressed graphically by bonds with
the color a (a = 1, 2, 3). One sees from the integration rules in equation (15)
that the only diagrams which survive are those in which any vertex in the lattice
(k = 1, 2, ..., 2N − 1, 2N in Fig. 3 (b)) is covered by zero or two bonds with the
same color. With the identification 0↔ (empty bond) and a↔ (a-colored bond), this
coincides with the condition for the vertex configurations with nonvanishing Boltzmann
weights shown in Fig. 2 (a). Then, using the rules (15) or (16) repeatedly, one finds
MVBS = M(1/3, 1/
√
3). (17)
Therefore, the Gram matrix MVBS is included in M(x, y) as a limiting case.
B 
A 
1 
2 
3 
4 
2N -1 
2N 
(a) 
(b) 
1 
2 
3 
4 
2N -1 
2N 
Figure 3. (a) Valence-bond-solid state on a hexagonal ladder. The boundary between
subsystems A and B is indicated by the broken line. (b) Comb lattice with vertices
k = 1, 2, ..., 2N − 1, 2N .
The above observation leads us to consider the following two-parameter deformation
of MVBS:
MVBS(x, y) =
∫ ( 2N∏
k=1
dΩk
4pi
)
N∏
j=1
(1+
√
3yσj ·Ω2j−1)
2N∏
k=1
(1+3xΩk ·Ωk+1), (18)
where the factor
√
3 in front of y takes into account the fact that (σj)
2 = 3 for all j.
This integral form of MVBS(x, y) shows a strong similarity to the partition sum of the
8O(3) loop model on a hexagonal lattice [29, 51, 52]. In the loop-model language, the
parameters x and y can be thought of as the fugacities of covered bonds. Note that
the fugacity of the loops is fixed as n = 3. The procedure to carry out the integrals
over Ωk in equation (18) is quite similar to that of a high temperature expansion for
the O(n) loop model. Again using the correspondence between the diagrams and the
factors appearing in the product in equation (18), it is straightforward to show that
MVBS(x, y) = M(x, y), (19)
i.e., the matrix product operators introduced in equation (11) are exactly identical to
the integral form equation (18).
3. Integrability of M(x, y) associated with the unit circle
3.1. Properties and Proposition
In the previous section, we have introduced two kinds of MPOs: one is T (λ) the transfer
matrix of the XXX chain, and the other is M(x, y) which is identical to MVBS(x, y) in
equation (18). So far these two MPOs have nothing to do with each other. However, we
will uncover an unexpected link between them for the case where (x, y) lie on the unit
circle centered at the origin. In such a case, it is more convenient to write the parameters
(x, y) in terms of θ as (x, y) = (cos θ, sin θ), where θ ∈ R or can be restricted to lie in
[0, 2pi]. From symbolic and numerical calculations, we find the following properties of
M(x, y):
Property 1. For any N and arbitrary θ ∈ R, λ ∈ C, the operator M(cos θ, sin θ)
commutes with the transfer matrix T (λ).
Property 2. For any N and arbitrary θ1, θ2 ∈ R, the operators M(cos θ1, sin θ1) and
M(cos θ2, sin θ2) commute with each other.
For N ≤ 5 one can, in fact, prove these properties by explicitly writing out M(x, y) in
terms of two trivial conserved and mutually commuting quantities, i.e., the Heisenberg
Hamiltonian H and the total spin operator σtot (see Eq. (A.1) for definition). In
Appendix A, we show how M(x, y) can be expressed as polynomials in H and (σtot)
2.
For N > 5, M(x, y) cannot be expressed only in terms of H and σtot. However, we
have checked numerically up to N = 13 that Properties 1 and 2 hold within numerical
accuracy for various choices of the parameters. These properties strongly suggest the
existence of some integrable structures of M(cos θ, sin θ), which are similar to those of
the XXX chain. We will show in the following that the above properties are corollaries
of the following
Proposition. For any N and arbitrary θ ∈ R, the operator M(cos θ, sin θ) is written
in terms of the transfer matrices T as
M(cos θ, sin θ) = (sin θ)2N T (λθ)T (−λθ), (20)
9where the argument λθ is given as a function of θ by
λθ =
i
2
f(θ), (21)
with
f(θ) =
√
1 + 3 cos2 θ
sin2 θ
. (22)
Note that the RHS of Eq. (20) is even in λθ, because it is invariant under sending
λθ → −λθ, which is a consequence of the commutativity of transfer matrices, i.e., Eq.
(7). Therefore, λθ obtained by replacing the RHS of Eq. (21) by −if(θ)/2 gives the
same M(cos θ, sin θ). We also note that T (−λ) = (−1)NT t(λ) for arbitrary λ, where t
denotes matrix transpose. We will give a proof of Proposition in the next subsection.
But before turning to the proof, let us see how Properties 1 and 2 follow as corollaries
of Proposition. By combining Proposition with the commutativity of T s (Eq. (7)), it
is easy to see that M(cos θ, sin θ) commutes with T (λ) for arbitrary λ ∈ C, namely,
Property 1. From Property 1, one readily sees that M(cos θ, sin θ) commutes with the
Hamiltonian H and all other conserved charges of the XXX chain, which are derived
from the logarithmic derivatives of T (λ) (see Eq. (10)). Property 2 can also be proved
by noting that T (λθ1), T (−λθ1), T (λθ2), and T (−λθ2) are commuting among themselves.
It is interesting to ask how the operator M(cos θ, cos θ) or its logarithmic derivatives
with respect to θ can be expressed in terms of H and higher Hamiltonians Qn. It is,
however, highly nontrivial and out of the scope of the present work to obtain the explicit
expressions. We leave this for future work.
3.2. Proof of Proposition
To prove Proposition, we first rewrite the product of two transfer matrices as a single
MPO with bond dimensionD = 4. From the basic properties of tensor products, namely,
(A⊗B)(C ⊗D) = (AC)⊗ (BD) and Tr[A] Tr[B] = Tr[A⊗ B], we have
T (λ)T (−λ) =
3∑
α1,...,αN=0
3∑
β1,...,βN=0
Tr[(Lα1(λ)⊗ Lβ1(−λ)) · · · (LαN (λ)⊗ LβN (−λ))]
× (σα1σβ1)⊗ · · · ⊗ (σαNσβN ). (23)
Then from the properties of the identity and Pauli matrices,
σ0σ0 = σ0, σ0σa = σaσ0 = σa, σaσb = δab + iabcσc, (24)
(a, b, c = 1, 2, 3), we see that Eq. (23) can be cast into the form
T (λ)T (−λ) =
3∑
α1,...,αN=0
Tr[M˜α1(λ) · · · M˜αN (λ)]σα1 ⊗ · · · ⊗ σαN , (25)
where new matrices living in the D = 4 auxiliary space are given by
M˜0(λ) =
3∑
α=0
Lα(λ)⊗ Lα(−λ), (26)
10
and, for a = 1, 2, 3,
M˜a(λ) = L0(λ)⊗ La(−λ) + La(λ)⊗ L0(−λ) + i
3∑
b=1
3∑
c=1
abcLb(λ)⊗ Lc(−λ). (27)
Let us now show that the MPO with M˜α(λθ) is proportional to M(cos θ, sin θ). To
this end, we recall the fact that a matrix product operator does not have a unique
representation and is, in fact, invariant under so-called gauge transformations in the
auxiliary space. This comes from the cyclic property of the trace. Namely, in Eq.
(25), the replacement M˜α(λ)→ X−1M˜α(λ)X (α = 0, 1, 2, 3) leaves the MPO unchanged.
Therefore, if there exists an invertible matrix X such that X−1M˜α(λθ)X is proportional
to Mα(cos θ, sin θ) for all α, then the identity (20) holds and Proposition follows. After
tedious but straightforward matrix manipulation, we find that the following
X =
1√
2

0 −1 i 0
1 0 0 1
−1 0 0 1
0 1 i 0


g(θ) 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 , (28)
with
g(θ) =
√
f(θ) + 1
f(θ)− 1 , (29)
satisfies the demand:
(sin θ)2 X−1M˜α(λθ)X = Mα(cos θ, sin θ), α = 0, 1, 2, 3. (30)
Note that f(θ) ≥ 1 for all θ, and thus the argument of square root in Eq. (29) is
nonnegative for all θ. The existence of X with the property Eq. (30) immediately
implies Eq. (20). This proves Proposition.
4. Summary and outlook
We have introduced a two-parameter family of matrix product operators of bond
dimension D = 4, acting on the space of states of the spin-1/2 chain. We found that the
operators constructed, M(x, y), interpolate between two different categories of exactly
solvable models. On the one hand, M(x, y) is related to the Affleck-Kennedy-Lieb-
Tasaki model, the ground states of which are called valence-bond-solid states. We have
shown that M(x, y) with x = 1/3 and y = 1/
√
3 is proportional to the square root of
the reduced density matrix of the valence-bond-solid state on a hexagonal ladder. On
the other hand, we showed that M(x, y) with (x, y) satisfying x2 + y2 = 1 is related to
the isotropic spin-1/2 Heisenberg (XXX) chain, which is solvable by the Bethe ansatz.
In this case, we found that the operator M(x, y) is proportional to the product of two
transfer matrices, the logarithmic derivatives of which are related to the Hamiltonian
and conserved charges of the XXX chain. We have found the following properties of
M(x, y): i) for arbitrary θ ∈ R, M(cos θ, sin θ) commutes with the Hamiltonian and all
11
conserved charges of the XXX chain, ii) for arbitrary θ1, θ2 ∈ R, M(cos θ1, sin θ1) and
M(cos θ2, sin θ2) are mutually commuting. These properties were proved as corollaries
of Proposition, which was also proved as a consequence of the Yang-Baxter equation.
Finally, we note that Proposition implies the existence of a state whose reduced
density matrix is proportional to the square of M(x, y). It would be very interesting
to find a quantum Hamiltonian whose ground state is such a state. The model is
not necessarily defined on a hexagonal ladder. From the well-known correspondence
between the XXX chain and the six-vertex model, the most natural candidate would be
the quantum six-vertex model [53] where the ground state is a weighted superposition
of states, each of which is labeled by an arrow configuration on a square lattice. We are
hopeful that the integrability structures of M(x, y) revealed here will shed some light on
the entanglement properties of conformal quantum critical systems in two dimensions
[54, 55].
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Appendix A. M(x, y) for N ≤ 5
For N ≤ 5, M(x, y) can be written out explicitly as a polynomial in trivially conserved
quantities: higher powers of the Hamiltonian and the total spin operator defined by
σtot =
N∑
j=1
σj. (A.1)
We thus see that (i) M(x, y) commute with T (λ) for all λ, and (ii) M(x, y) are mutually
commuting, even if (x, y) do not lie on the unit circle. Note that we have checked with
Mathematica that this nice property does not extend to N ≥ 6. In this subsection, we
provide explicit expressions for M(x, y) for N ≤ 5.
• N = 2
M(x, y) = 1 + 3x4 + x2y2H, (A.2)
• N = 3
M(x, y) = 1 + 3x6 + x2(1 + x2)y2H, (A.3)
• N = 4
M(x, y) = 1 + 3x8 − 6x4y2(2− y2) + (3x4y4 − x2(1− x2)y2)H
+
1
2
x4y4H2 + x4y2(1− y2)(σtot)2, (A.4)
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• N = 5
M(x, y) = 1 + 3x10 − 15
2
x4(1 + x2)y2 + 15x6y4
+
[
x2(1− x2)(1− x4)y2 + 1
2
x4(4− 15x2)y4
]
H
+
1
2
x4(1− 2x2)y4H2 + 1
2
x4y2[1 + x2 − (1 + 2x2)y2](σtot)2
+
1
2
x6y4H(σtot)
2. (A.5)
For N = 4 and 5, one can rewrite (σtot)
2 in terms of H and the second neighbor
interaction:
H ′ :=
N∑
j=1
σj · σj+2, (A.6)
which is conserved for N = 4, 5 but not for any higher value of N [46]. For N = 4, we
have
(σtot)
2 = 2H +H ′ + 12, (A.7)
and similarly for N = 5,
(σtot)
2 = 2H + 2H ′ + 15. (A.8)
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